
1 INTRODUCTION 

Recent advances in numerical software for geome-
chanics are the result of concurrent progress in dif-
ferent domains: increased computer performance, 
advances in software engineering, unifying theoreti-
cal formulations for soil mechanics, and progress in 
constitutive and numerical modeling.  

Geotechnical engineering is characterized by 
highly nonlinear mechanics, in multiphase media, 
with complex initial states, involving complicated 
geometry. Soil and rock often require the use of 
multi-surface plasticity models; they also exhibit in-
compressible or dilating behaviors, which most fi-
nite element formulations cannot properly model 
without enhancements, when using elements with 
low order interpolation. Since this has been recog-
nized, several types of element improvements have 
been proposed, which include under-integration, re-
lated strain-projection methods, and enhanced as-
sumed strain approaches. We advocate herein a dif-
ferent approach, based on stabilized Galerkin/Least-
squares methods, which seems more generic and 
simultaneously helps to overcome oscillatory pres-
sures known to occur in consolidation simulations, 
when small time steps are used. 

 Progress has also been made in algorithmic de-
velopments. Nowadays geotechnical engineers are 
more and more often confronted with sites, which 
are already constructed, which require an accurate 
definition of the initial state and present a geomet-
rical complexity, which necessitates three-
dimensional modeling. More general initial state and 
stability-analysis algorithms are therefore required.  

We present, hereunder, material models for soil 
and rock plasticity in section 2. In section 3, we dis-
cuss finite element technology related to incom-

pressible and dilatant behavior. In section 4 we in-
troduce finite element implementation in Z_Soil.PC. 
Finally, in section 5, we present two real life case 
studies. 

 
2 MATERIAL MODELS  

2.1 Yield criterion for isotropic and layered media 
The most versatile yield criterion implemented in 
Z_Soil.PC is a generic three-parameter plasticity cri-
terion proposed in Menétrey & Willam (1995), from 
which several classical models can be derived by 
specialization; it is adopted herein as yield criterion 
and for matrix failure. The yield surface is formulat-
ed as follows: 

      F , , A
2
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 A, B, C, and m are parameters, function of ft, the 
uniaxial tensile strength, fc, the uniaxial compres-
sive strength and e, the exentricity of the criterion. ξ 
and ρ are stress invariants, θ is Lode’s angle. The 
criterion can be specialized to several of the classical 
criteria, as illustrated in table 1. 
Alternative definitions of the Menétrey-Willam pa-
rameters are possible and sometimes useful: in terms 
of C, the soil cohesion and φ, the friction angle, or in 
terms of  Drucker-Prager material parameters. A size 
adjustment, dependent on the stress state, is usually 
necessary to obtain ultimate loads, which match the 
ones obtained with a Mohr-Coulomb criterion 
(Z_Soil 2002). 
 
2.2  Multilaminate Model 
Layered media require even more advanced models, 
like the one described in Truty & al. (1997), Com-
mend & al. (1998), and Z_Soil (2002), and adapted  
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Table 1: Menétrey-Willam (M-W) parameters specializations 

 
from Zienkiewicz & Pande (1977) and Sharma & 
Pande (1988).  

Up to three weakness plane orientations, which 
remain fixed in space, can be introduced in the pro-
posed model. Each is characterized by a cohesion Ci, 
a friction angle φi and a dilatancy (non-associated) 
angle ψi, like any Coulomb material. A tensile cut-
off can also be specified, with fti the maximum ten-
sile stress. This leads to a multisurface plasticity 
problem which requires plasticity conditions  to be 
simultaneously fulfilled by any stress state in the 
material. The flow rule is governed by a flow poten-
tial,  with usually a non-associative flow rule. Plastic 
strains occur due to the violation of any of the plas-
tic conditions by the elastic trial stress. The total 
plastic strain is the sum of each plane’s contribution. 
Perfectly elastic-plastic behavior (no hardening) is 
assumed. This leads to the following constitutive 
equations for the multilaminate model:  

   =  D :   -  )p
 (2) 
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where σ is the stress, ε the strain, an upper dot indi-
cates an incremental value, index “p” indicates a 
plastic component; the plastic flow is governed by 
equation (3), it is coaxial with the normal to the plas-
tic potential and proportional to the plastic multipli-
er. The yield “F” and (un)loading conditions for 
each plane i = 1, ..., 3 are: 
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Computation of stresses requires a generalized 
stress-point algorithm (Truty & Zimmermann 1997, 
Szarlinski & Truty 1996). 

 
2.3 Validation test: single 3D element with two sets 
of joints.(Commend & al. 1998) 
Figure 1 shows the geometry of this 3D test with the 
position of the two sets of joints. 
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Figure 1: One element 3D test, geometry and loading 

 
Material characteristics are as follows: rock charac-
teristics: Cr = 10 kN/m

2
, φr = 30º (Drucker-Prager 

specialization of MW criterion, with size adjustment 
through external edges); joint 1 characteristics: Cj1 = 
5 kN/m

2
, φj1 = 20º, ψj1  = 13.33º; joint 2 characteris-

tics: Cj2 = 12 kN/m
2
, φj2 = 5º, ψj2  = 3.33º. 

A first analysis is performed without the presence 
of joints, i.e. in homogeneous, isotropic rock . This 
gives an ultimate load of σ1rf = 50 kN/m

2
 , which 

corresponds to the value of σ1 for which the Mohr 
circle is tangent to the Mohr-Coulomb law defined 
by Cr = 10 kN/m

2
 and φr = 30º (Figure 2). 

When the first set of lamina is added to the mod-
el, with an inclination angle varying between  0º  
β 90º, failure will occur in the lamina for β between  
limit angles βMin  and βMax  , which can be evaluated 
from the Mohr circle (Parry 1995). Outside this in-
terval, failure occurs in the rock matrix and is gov-
erned by the MW criterion (σ1rf = 50 kN/m

2
).  
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Figure 2: Mohr circle for the test with two sets of joints 

 
As illustrated in figure 2 we find βMax,1 = 80.6º, 
βMin,1 = 29.4º, βMax,2 = 72.7º and βMin,2 = 22.3º . 

 
Four cases are analyzed next: A. Activation of the 
first set of joints only (0º  β1 90º), B. Activation of 
the second set of joints only (0º  β2 90º), C. Acti-
vation of both sets of joints (β1= 32.5º; 0º  β2 90º), 
D. Activation of both sets of joints (β2= 40º; 0º  β1 
90º). Figure 3 shows the results for these four cases; 

Komentarz [Z1]:  



σ1f corresponding to vertical stress at failure plotted 
against the inclination angle of lamina. It can easily 
be seen that numerical simulation reproduces what 
can be predicted from the inspection of Mohr circles. 
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Figure 3. σ1f = f(β) , failure stress function of orientation 

 
3 ELEMENT TECHNOLOGY 

3.1 Locking and “classical” remedies 

The problem of element performance in finite ele-
ment computations of elasto-plastic media exhibiting 
incompressible or dilatant behavior has been inves-
tigated intensively in recent years with the aim of 
developing low order elements which do not lock. 
Early approaches to overcome locking due to in-
compressibility used reduced selective integration, 
mean dilatation (Nagtegaal & al. 1974), and later on 
the B-bar approach (Hughes 1980). More recent ap-
proaches adopted mixed formulations, derived from 
the Hu-Washizu variational principle, and enhanced 
strain approximations; this led to the so-called En-
hanced Assumed Strain approach (EAS) (Simo & 
Rifai 1990, Taylor & al. 1976). Unfortunately, this 
method does not apply to many well known finite 
elements (like linear triangles in 2D or linear tetra-
hedrons in 3D) and, moreover, it requires the specif-
ic design of the enhanced part of the strain field for 
each element separately. Yet another approach is 
presented in this paper. It is based on a mixed con-
tinuous displacement-pressure formulation, and 
complements the Galerkin scheme by least-squares 
terms which enhance its stability. 

3.2 B-bar approach 

The B-bar approach introduces a modification in the 
volumetric contribution to the standard B matrix of 
space derivatives of shape functions Bvol, which is 
underintegrated or averaged over the element. This 
formulation has proven to be appropriate to over-
come locking due to incompressibility in very gen-

eral situations, but poor performance was observed 
in dilatant cases (de Borst & Groen 1995). 

3.3 Enhanced assumed strain approach 

Several comprehensive studies on EAS elements, 
based on the Hu-Washizu functional, have recently 
been done by different authors (Andelfinger & 
Ramm 1993) (Groen 1994) (de Borst & Groen 
1995), mainly in conjunction with simple isotropic 
elastoplastic models. In these cases, it has been 
shown that a simple enhancement of normal strains 
only, is sufficient to overcome the problem of volu-
metric locking due to dilatant constitutive behavior. 
In the case of real rock-like layered materials, the 
need of enhancement for both normal and shear 
strains is  confirmed by a number of numerical tests 
(Truty & al. 1997). In the case of an enhanced shear 
strain field, some spurious mechanisms may howev-
er be produced and, so far, it has been impossible to 
overcome locking when a mixture of elements of 
different types are to be used. 

3.4 Mixed stabilized elastoplastic formulation 

This new approach follows ideas which were devel-
oped and proven successful for fluid mechanics in 
(Hughes & al., 1986, Franca, 1987) and following 
papers. A least-squares term is added to the standard 
Galerkin formulation for stabilization. The following 
general form of the least square term is discussed in 
Truty & Zimmermann 1997, Truty 2002, and Com-
mend 2001). 
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where the differential operator L takes the form: 
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and [σx,σy, σxy, σz, σxz, σyz]
T 

 is the corresponding 
stress vector. u

h
, p

h
 are the approximations of the 

solution, and f is the body force.  

3.4.1 Summary of  elasto-plastic constitutive theory 
 

The proposed formulation is designed for a class of 
rate independent multisurface elastoplastic models. 
The constitutive equation for the stress and the pres-
sure p are as follows: 

p1εεDσ
p  )( ;       )( p

εε  trKp      (7)  

where ε is the total strain and ε
p
 is the plastic strain. 

The general deviatoric projection D of the elastic 



stiffness matrix D and the generalized elastic bulk 
modulus K are defined as follows : 
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where symbol 1 is the vector representation of the 
Kronecker delta. The exact deviatoric-volumetric 
split is retrieved for ξ = 0 and such a version was ini-
tially used (Truty & Zimmermann 1997). Unfortu-
nately this split is not acceptable for plastic surfaces 
depending exclusively on I1. Thus some perturbation  
factor ξ has to be introduced but its value should be 
small enough to be close to the pure deviatoric-
volumetric split (10

-6
 to 10

-5
). The flow rule and the 

hardening law take the following form: 
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where the plastic surface index is denoted by α, the 
flow direction by r, the hardening parameters by q, 
the hardening functions by h, and summation is per-
formed only over active surfaces (α  Jact). The 
loading- unloading conditions read: 

0fγ,0γ,0f αααα           (11)               

where f designates yield surfaces. 

3.4.2 Mixed variational formulation 
The weak form of the momentum equation, constitu-
tive equation for the mean stress can be expressed in 
the following form: 
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where t  is the imposed boundary traction, 
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The above equations can be written in combined 
form: 

 

)p,p(R)p,(R)p,,p,(R 21 u,u,uuu   (14) 

The minus sign for R2 is introduced here in order to 
preserve the positive definiteness of the resulting Ja-
cobian matrix in Newton's scheme while adding the 
least-square term. Since the plastic flow rule  and the 
hardening law  are formulated in rate form they need 
to be integrated first and then substituted into the 
variational equations. A fully implicit integration 
scheme has been adopted and it results in the follow-

ing formulae for plastic strains and hardening pa-
rameters at time step n+1: 
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The corresponding stress state defined at step n+1 
can be expressed as follows: 
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The system of variational equations  is nonlinear in 
arguments u,p. It can be solved with the aid of  
Newton's method but first it has to be linearized. 
Consistent linearization is an essential step to get an 
efficient iterative scheme. Also, inserting the inte-
grated formulae for state variables σn+1, ε

p
n+1, qn+1 

into variational equations prior to linearization 
should preserve the quadratic convergence rate of 
the resulting Newton scheme. 

3.4.3  Stabilization technique 
The stabilization term is meant to enhance stability. 
The proposed expression (5) is the most general 
form of least-squares term. The general aim of add-
ing this term is to prevent the effect of volumetric 
locking, to reduce the effect of stress oscillations, to 
render possible the use of equal order continuous u-p 
interpolation (including linear triangles), and, more-
over, to enable the mixing of different types of ele-
ments to fit the desired geometry of the domain. In 
order to define the form of the stabilization term, let 
us split the stress state into deviatoric and volumetric 
parts, and rewrite the stabilization term in more de-
tailed form as follows: 
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If the weighting term related to plastic strains is 
omitted the following stabilization term can be ob-
tained: 
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An even simpler version is obtained by taking as a 
weighting operator only the gradient of the pressure 
and only this type of stabilization is used in all the 
following applications. This term added after the in-
troduction of the finite element approximation has to 
be linearized and finally brings a contribution to 
both the left- and the right-hand side of the resulting 
linearized system of equations. It should be noted 



that for some linear elements the first weighting 
term disappears automatically (eg. for linear trian-
gles). For Navier-Stokes problems the stabilization 
factor  is defined as τ = αh

2
 / 2G (Franca 1987), 

where α, the optimal stabilization factor, should be a 
constant for a given element type, and can be ob-
tained by a convergence analysis; G is the shear 
modulus. The same τ factor is used here.  

Detailed  derivations can be found in Commend 
(2001), Truty (2002), Commend & al.(2002), and al-
ternative equivalent approaches are described under 
the name of Finite Increment Calculus by 
Onate(2000), and Laplacian pressure operator 
scheme (LPOS) by Pastor & al.(1997). All three ap-
proaches are compared in Commend (2001). 

3.4.4 Validation test: superficial strip foundation  
A superficial foundation on an incompressible (or 
dilatant) medium is subjected to a uniform loading, 
which is increased until a failure is detected. The 
problem is run here as a displacement driven on a 
mesh with 1296 elements, using a Drucker-Prager 
criterion, with size adjustment to a Mohr-Coulomb 
criterion, such that ultimate loads coincide, under 
plane strain conditions (Z_Soil 2002). E = 50000 
kN/m

2
, ν = 0.3, γ = 0, c = 1kN/m

2
, friction angle 

φ=20
o
, dilatancy angle ψ=0

o
. 

Analytical solutions to this problem can be found 
in (Terzaghi,1951, Chen & Liu 1990), which yield 
an ultimate pressure qu = ~18kN/m and also in  Ma-
tar and Salençon (1979) which yields qu = ~15.6 
kN/m. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.4. Load-displacement curve using different elements and il-
lustration of ultimate load overshoot. 

 
When standard bilinear displacement quad elements 
are used, results show an overshoot of theoretical so-
lutions (Fig. 4), characteristic of locking; this also 
holds for constant strain triangles, or when a mixture 
of the two different types of elements is being used 
(Zimmermann & Commend 2001) . 

Stabilized formulations are shown, in Figure 4 
(here LPOS formulation with e  = 0.5), to provide a 
distinct ultimate load in the incompressible case. 
This is also true for a mesh composed of quads, tri-

angles, or both. The same formulation performs as 
well in the incompressible and in the dilatant case 
(Commend 2001, Truty 2002) . 

Earlier solutions to overcome locking, like strain-
projection B (Fig.4), enhanced assumed strains EAS 
or cross-diagonal triangles all solve the incompress-
ible case for quads, EAS also overcomes locking in 
dilatant media when the mesh is composed of quads, 
but all fail when quads and triangles are used simul-
taneously within the same mesh (Truty & al. 1997). 

 Stabilized formulations may, however, require 
additional mesh refinement as compared to B , and a 
residual locking tendency may show up when coarse 
meshes are used (Truty 2002). 

 

3.4.5 Extension to 2-phase Media 
The use of a stabilized formulation in order to over-
come pressure oscillations in 2-phase consolidation 
problems has also proven successful (Truty 2001, 
Zimmermann & al. 2001), as illustrated next on an 
essentially one-dimensional consolidation problem. 

A 5 m deep fill is placed over a layer of silt, lo-
cated on a 4.25 m layer of clay. Because the overly-
ing and the underlying soils are much more permea-
ble than  clay, there is a double drainage (pw = 0 at 
both the top and the bottom of the mesh) and the 
domain considered for the analysis can be restricted 
to the clay layer. The consolidation process has an 
analytical solution for the evolution of the pore pres-
sure pw , which can be used for comparison. A criti-
cal time step of about 13 days can be computed ac-
cording to Vermeer & Verruijt (1980) with the given 
data. 
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Figure 5. Pore pressure distributions using different weak 
forms. 

 
The comparison of the numerical solutions obtained 
with a standard Galerkin formulation (SG) (which 
shows oscillations) and a Galerkin/Least-squares 
formulation (GLS) (which coïncides with the analyt-
ical solution), both obtained with a time step of 0.2 
days, much smaller than the critical value, proves 
the effectiveness of the novel approach (Fig.5).  



 
4 FINITE ELEMENT IMPLEMENTATION IN 

Z_SOIL.PC 

With recent achievements in computer science, finite 
element technology and graphical environments, the 
foundations are set for the development of highly in-
teractive domain specific computer environments, 
dedicated to professional geotechnicians.  

Illustrations taken from such an environment are 
shown below and its potential is demonstrated 
through the examples of the three-dimensional nu-
merical analyses of a natural cave and of a tunnel 
system. Noteworthy features of the environment are 
initial state simulation including hydraulic and ther-
mal conditions, fully coupled transient analysis in 
two-phase partially saturated media, with excavation 
and construction stages, continuous safety assess-
ment using a (c-φ) reduction algorithm and exten-
sions thereof. Material models include classical 
Mohr-Coulomb, Von Misès, Drucker-Prager, Ran-
kine, Hoek-Brown, Cap and Duncan-Chang models, 
and also multilamina for the simulation of layered 
rock. Soil-structure interaction is properly accounted 
for by means of a frictional contact formulation. 
Elasto-plastic truss and cable elements, and nonline-
ar layered beam and shell elements which can ac-
count for reinforced concrete modeling are available. 
Recent features include moisture migration analysis 
and allow identification of early–age cracking in 
concrete.  

 
5 CASE STUDIES 

5.1 Stability analysis of a natural cave (Bisetti & al. 
2000) 

A decision of the authorities of the canton of Jura in 
Switzerland to investigate the possibility of rehabili-
tating the caves of the former lime mines of Saint 
Ursanne as a convention and concert hall required a 
complete safety reassessment of the caves which is 
described below. The age of the caves indicates that 
overall stability is not questionable; local instabili-
ties are however identifiable on inspection. These 
local instabilities are related to weakness planes in 
the rock structure and indicate that chunks of rock 
could be mobilized in local failure mechanisms. A 
safety assessment study was conducted by visual in-
spection and numerical simulation with finite ele-
ment code Z_Soil.PC, comparing results obtained 
using different modeling and constitutive assump-
tions.  

5.1.1 Contact interfaces 
Contact interfaces are needed for this analysis. Con-
tact elements implement a Mohr-Coulomb type con-
stitutive behavior with a tensile cut-off. They can 
accommodate opening discontinuities. In the elastic 

range, penalty stiffnesses are evaluated from adja-
cent elements in order to implement appropriate  
normal  and tangential behavior. 
 
 
 
Figure 6. 3D mesh 

 

. 

5.1.2 Model 1 

The mesh and dimensions are defined in Figures 6 
and 7. The initial state of stress is defined by Equa-
tion 20 (with y the vertical stress). 

 

yyzxy Ky   43.0; 0        (20) 
 

The rock matrix material is initially isotropic and 
elastic, later elastoplastic. Discontinuities are ne-
glected. This model serves as a reference for later 
computations. Results are shown in the form of iso-
surfaces on a 3D view and in sections B-B and C-C. 
Figures 8 to10 show horizontal stresses. Figure 11 

shows the failure mode. 
 
 
 
 
 
Figure 7. 2D section A-A. 
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Figure 8. 3D upside-down view of horizontal stresses (x). 

 

 
Figure 9. 2D section B-B of horizontal stresses (x). 
 

 
Figure 10 : 3D upside-down view of horizontal stresses (z). 

 
A thick plate type behavior is clearly identifiable 
from the tensile stresses present at the cave's roof 
(notice that view is upside down). Tensile stresses 
are of the same order of magnitude in both horizon-
tal directions and remain far below the tensile 
strength. The massif shows no initial plastification. 
The failure mode is obtained from a stability analy-
sis, as described above, and yields a safety factor of  
24, corresponding to the collapse of the pillars. 

 

Figure 11. Failure mode. 

5.1.3 Model 2 
Mesh and initial state remain the same. The rock 
matrix is initially isotropic and elastic, later elasto-
plastic. 

 
Figure 12. Horizontal stratigraphic discontinuities. 

 

 

Figure 13. 2D section B-B of horizontal stresses (x). 
 

 
Figure 14. Failure mode. 

 

Horizontal stratigraphic discontinuities are intro-
duced via contact elements. Their geometry and po-
sition are illustrated in Figure 12. 

Comparison of results from models 1 and 2 are 
presented in a similar manner, they call for the fol-
lowing remarks: the plate behavior of the calcareous 
layers is easily identifiable in Figure 13. At each 
joint, traction stresses appear at the lower edge, 
which, however, remain below tensile strength.  
The massif again shows no initial plastification. 
Failure occurs with a safety factor of 9 and the asso-
ciated mechanism corresponds to a separation of the 
first layer at the cavity's ceiling (Fig. 14). 
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5.1.4 Model 3 
Mesh and initial state remain unchanged. Strati-
graphic discontinuities are introduced via contact el-
ements, as in model 2. Two families of tectonic dis-
continuities are introduced via a multilaminate 
material. Both are vertical and parallel to sections B-
B and C-C (Fig 15). 

 
Figure 15. Tectonic discontinuities direction (section A-A). 

 
Figure 16. 2D section B-B of horizontal stresses (x). 

 
Results call for the following comments: the plate 
behavior of calcareous layers is recognizable as in 
model 2. However, horizontal stresses are influenced 
by the presence of tectonic joints and reach the 
strength values in most exposed zones. Plastification 
of the massif is identifiable in the central roof area. 
Failure corresponds to a collapse of the roof plate 
with separation of all layers above the cavity (Fig. 
17). A safety factor of 4 is computed. 

Figure 17. Failure mode (section C-C). 

5.1.5 Conclusion 
The analyses show that the safety of the massif con-
sidered as a homogeneous Hoek-Brown type materi-
al is high. Taking discontinuities into account  re-
duces the safety factor significantly. Two types of  
models were used in the simulation of discontinui-
ties in this analysis: contact elements and multilami-
nate material. Both support the introduction of fail-
ure characteristics with preferential directions. 
Contact elements also withstand the opening of  dis-
continuities, they require meshes which match the 
contact surfaces, making parametric studies difficult. 
It appears in the present study that such elements are 
perfectly appropriate for the simulation of horizontal 
stratigraphic discontinuities. Multilaminate material 
is better suited for the simulation of densely distrib-
uted discontinuities. These limitations are sometimes 
incompatible with the simulation of the actual geol-
ogy. In the particular case of a dense distribution of  
microcracks coupled with a strong confinement, this 
type of model appears to be the most appropriate for 
the simulation of families of discontinuities. 

In the first performed analysis stratigraphic and 
tectonic discontinuities are ignored, the medium is 
assumed to be of  Hoek-Brown type, characterised 
by tensile and compressive strength. The analysis re-
sults in failure of the supporting pillars, with an as-
sociated safety factor of about 24. 

In the second analysis, stratigraphic discontinui-
ties are modelled explicitely with appropriate mesh-
ing.  Results indicate the separation of a  surface 
layer in the cave's ceiling, with an associated safety 
factor of about 9. In the third analysis, stratigraphic 
discontinuities are modeled explicitely with contact 
elements and tectonic discontinuities are modelled  
via lamina. Depending on material data and geome-
try of discontinuities, a collapse of the roof plate 
with separation of all layers above the cavity or a 
global shear failure of the roof plate is observed. An 
estimated critical safety factor of 4 is found.  

These different analyses made it possible to iden-
tify the relative influence of different rock character-
istics in the safety assessment and the most critical 
potential failure mechanisms; precise rehabilitation 
measures could be proposed to the site owner. The 
analysis illustrates the important role that elasto-
plastic numerical simulations can play in a reliable 
safety evaluation of natural caves in layered media. 

5.2 Tunnel in urban environment (Truty & 
Zimmermann 2002) 

The case of a complex underground tunnel system, 
in urban environment, is analyzed next. The goal of 
the simulation is to identify surface settlements in-
duced by a multi-stage excavation/construction se-
quence, associated with the enlargement and modifi-
cation of an existing tunnel system. The difficulties 
to overcome are: a complex 3D geometry, account-
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ing properly for a complex initial state, and model-
ing of an arch-pipes-parasol system, among others. 
A wide range of options available in the finite ele-
ment software Z_SOIL 3D are illustrated by the ex-
ample. 

The analyzed tunnel system, embedded at about 
10m  underground, consists initially of two existing 
circular tunnels with a diameter of 4m each.  A rela-
tively large building is already constructed on the 
surface above the considered system and therefore a 
careful estimation of surface settlements is neces-
sary. The numerical simulation of the proposed ex-
cavation/construction works is rigorously modeled 
with a 3D finite element model according to the as-
sumed time schedule and applied technology, which 
will be shortly described below. 

 The final geometry of the tunnel system is shown 
in Fig.18. The old tunnel in both, left and right, 
branches is enlarged in a zone located between the 
sections A-A and B-B and the cross-section geome-
try is designed as a set of circular segments with var-
iable radii and centers; the most interesting part,  is 
the tunnel junction.   

 
 
 
 
 
 
 
 
 
 

 

 

 
Fig.18. New tunneling system with junctions 

 

The excavation/construction scheme, the same for 

both left (LB) and right (RB) tunnel branches, con-

sists of several steps, illustrated in the accompanying 

figures. The procedure starts with the installation of 

a special arch support system (ARCH), which is in-

stalled above the planned elevation of the new en-

larged tunnel and consists of 15 m long circular 

pipes, which are driven into the underlying soil at 

some inclination angle, in two layers. After installa-

tion of the ARCH support system, the first 10m of 

the old tunnel and soil, between the old tunnel and 

the new one, are excavated and the new lining is 

placed, consisting of a reinforced concrete shell, 40 

cm thick, as shown in Fig.19. These steps are re-

peated until the new tunnel passes approximately 

60% of the distance between sections A-A and B-B 

(see Fig.18). The excavation procedure consists here 

of 10 steps, the whole section being excavated sim-

ultaneously. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.19. Enlargement and ARCH installation 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.20. Excavation of pilot gallery 

 
In further steps another excavation procedure is ap-
plied due to significantly larger tunnel dimensions. 
First the existing tunnel is fully filled with concrete 
and then a temporary pilot gallery, protected first by 
an ARCH system, is excavated and then 
strenghtened by a concrete shell. The procedure is 
such that first ARCH pipes are driven, then excava-
tion takes place and a new pilot gallery lining, inside 
the excavated part, is installed. These steps are 
shown in Figure 20. 

After stabilization of the deformation, the tunnel 
will be successively enlarged up to its design dimen-
sions, first by an excavation of the crown and then, 
when the crown excavation front is at least 12m 
away from the front of the pilot gallery, by an exca-
vation of the invert fill (see Fig. 21).  

The crown is excavated in 6 steps and the upper 
part of the enlarged tunnel is successively protected 
with a 40 cm thick reinforced shell. The invert fill is 
excavated also in 6 steps with the condition that the 
minimum distance between excavation front of 
crown and the invert fill cannot be less than 12m. 
The shell closure is made of a 40 cm thick rein-



forced shell built in two steps corresponding to the 
excavation of crown and the invert fill. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.21. Excavation of the invert fill 

  
In subsequent excavation steps the new bifurcating 
tunnel is excavated and, simultaneously, the con-
crete lining is installed; in the end, the remaining 
part of the existing tunnel, previously filled with 
concrete, is reopened, reaching the stage shown in  
Fig.18. The same excavation/construction procedure 
is  applied to both branches of the tunnel system. 

This complex problem shows a large variety of 
the problems encountered by the analyst during gen-
eration of the model. The key issue is a 3D finite el-
ement mesh, which should fit assumed geometry up 
to required level of accuracy and which has to take 
into account the presence of the excava-
tion/construction fronts of assumed geometry. In or-
der to increase computational efficiency, low order 
3D elements are applied and mostly, if only possi-
ble, eight-node bricks. For these elements the effect 
of volumetric locking can easily be overcome if 
BBAR or Enhanced Assumed Strain or Stabilized 
approaches are applied; all are available within the 
Z_SOIL 3D environment. This point is important as 
standard low order bricks would exhibit substantial 
locking effects, which would lead to an overestima-
tion of the limit loads, the safety factors and an un-
derestimation of the settlements. 

The next aspect is the proper modeling of the tun-
nel lining behavior. In the considered case we as-
sume that the lining behavior is represented by 
MITC Q4 shell elements and the stress-strain rela-
tion, for the further purpose of dimensioning, is as-
sumed to be linearly elastic. The last point is ques-
tionable as the excavation/construction time 
schedule indicates that an effect of concrete aging 
should be included. This is possible within Z_SOIL 
by the application of the so-called “aging concrete” 
material model, which reproduces stiffness evolution 
in time and creeping/relaxation phenomena as well. 
If needed, it is also possible to apply explicitly an 
elastic modulus varying in time, but such an ap-

proach may result in stress-resultant oscillations in 
time.  

In this example we do not include an effect of 
soil-structure interaction between tunnel and neigh-
boring soil although contact can be easily incorpo-
rated into the model by the application of a Coulomb 
friction law and an augmented Lagrangian approach, 
both options being available in Z_Soil. 
In most complex numerical calculations it is not 
possible to include all effects, like soil nonlinearity, 
contact, consolidation, creep, seepage etc., from the 
beginning, as analysis of results can be very difficult 
and the analyst cannot easily identify which effect is 
dominant. Usually we start with an elastic calcula-
tion and then, step-by-step, we add additional phe-
nomena and significant constitutive nonlinearties. 
Such a hierarchical analysis serves as a base for 
proper understanding of the analyzed problem and 
may detect potential user mistakes made in data 
preparation. 

Proper representation of the excava-
tion/construction process, corresponding to the as-
sumed time schedule, plays a significant role as far 
as result accuracy is concerned. For this reason, in 
Z_SOIL, with every finite element, we can associate 
a so called existence function attribute which indi-
cates at which time the element becomes active and 
when it is deleted. This option is of primary im-
portance in tunneling software and therefore, in 
Z_SOIL 3D mesh generators, we have a wide collec-
tion of methods which simplify this process by ap-
plication of Import/Export to/from Excel files; in 
addition, robust object selection tools are available. 
In the case  considered, an arch pipe system is mod-
elled with the aid of 3D Timoshenko beam elements, 
which are embedded within solid elements by means 
of so called kinematic constraints. It is obvious that 
we cannot analyse all the local interaction effects be-
tween soil and steel pipes as this happens on a 
smaller scale as compared with dimensions of the 
structure, but we can roughly represent the stiffness 
of this support system assuming that pipes continu-
ously deform with the neighboring soil. In such a 
case, it is possible, in the Z_SOIL environment, to 
impose a continuity condition by imposing appropri-
ate constraints via a penalty formulation. 

The tunnel system is embedded in an over-
consolidated clay layer with an in situ Ko coefficient 
equal to K0=1. As we do not know the initial state 
after construction of the existing two tunnels we 
have to compute it. Within Z_SOIL.PC there exists a 
special, incremental, predictor-corrector procedure 
to evaluate the initial state. The assumption is that, 
for actual external forces applied earlier to the sys-
tem and gravity, we determine initial stresses corre-
sponding to an undeformed state by incremental su-
perposition of loads and corresponding initial 
stresses, completed by K0 confinement effects. 



The over-consolidated clay layer is represented by 
an elasto-plastic Mohr-Coulomb model which re-
produces only a few major features of soil behavior. 
The assumed values of material properties are as 
folows: E=80000 kPa, =0.3, c=30 kPa,  =20

0
, 

0
0
. A more comprehensive material model, like 

Cap or Duncan-Chang, also available in Z_SOIL 
PC, could be used here too but would require a defi-
nitely larger set of material properties. 

In this example we assume that concrete behaves 
as a linearly elastic material with a constant Young 
modulus. As we have already mentioned this as-
sumption is questionable and further analyses with 
an “aging concrete” material model should be car-
ried out. The analysis with this more sophisticated 
model is, however, more costly as each time step, 
generated by an excavation/construction event, must 
be split at least in 4 to 5 steps in order to achieve a 
certain level of accuracy in the stress integration 
process. 

The whole computation was carried out in about 
70 excavation/construction steps. The final settle-
ments of the surface due to tunneling are shown in 
Fig.22. We can see that for the given material prop-
erties the maximum vertical displacement is about 7 
mm.  
 

 
 
 
 
 
 
 
 
 
 
 

 
Fig.22. Settlements at final stage of tunneling 

 
The example described here shows that the analysis 
of complex tunneling problems in complex urban ar-
eas can be successfully carried out using modern 
numerical software designed for PC platforms. 

 
6 CONCLUDING REMARKS 

Nowadays, user-friendly object-oriented environ-
ments installed on powerful PCs allow three-
dimensional nonlinear analyses to be performed in a 
matter of a few hours. 

Reliable single-surface and multi-surface plastic 
models are available for the analysis of complex soil 
and rock . 

Generalized algorithmic approaches are available 
for the initial state, time dependent and stability 
analyses, which allow a global assessment of the es-

sential aspects of the mechanical behavior of a site 
before, during, and after constructions takes place.  

Stabilized weak formulations make it possible to 
overcome locking phenomena associated with an in-
compressible or a dilatant plastic flow, typical of ge-
omaterials. The same approach appears to stabilize 
pressure oscillations typical of consolidation prob-
lems, and to overcome the associated minimal time 
step size condition.  

Together, these improvements permit a unified 
approach of geomechanical problems, which will 
soon or already does have an influence on geome-
chanical engineering practice.  
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