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SUMMARY 

 

Heat of hydration has a significant influence on thermally induced stresses and early-age 

concrete cracking which, in turn, will impact on the durability of structural elements. This 

paper describes a simple three-dimensional finite element analysis tool capable of assessing 

all essential aspects of a thermo-mechanical analysis of such situations. Its application to the 

analysis of a massive concrete pavement slab on an elasto-plastic subsoil is presented as an 

illustration. 

 

 

KEYWORDS 

 

slab on soil, thermo-mechanical analysis, heat of hydration, contact,  kinematic constraints  

 

 

1. INTRODUCTION 

The aim of this paper is to present numerical modeling of thermal and mechanical phenomena 

related to hydration heat emission in the early age of a thick concrete slab resting on soil. 

Non-homogeneous temperature fields impose strain fields which in general lead to additional 

stresses which, in turn, may lead to early-age cracking in concrete. Quantitative assessment of 

these phenomena may prove particularly important when the thickness of pavement increases.  

The problem is formulated as an uncoupled thermo-mechanical one. First, the transient 

thermal diffusion problem with internal heat source (due to hydration heat emission in 

concrete), is solved for the temperature field ),( tTT x  in the domain occupied by both the 

concrete slab and the subsoil. Increments of thermally induced strains ijij tT  ),(0 x , 
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where   is the thermal dilatation coefficient, ij -Kronecker symbol, serve as input to 

subsequent mechanical analysis at each time step.  In the following sections some details of 

the formulation and implementation of the aforementioned problem in Z_SOIL.PC 2001 3D 

finite element code are given. The formulation is illustrated by the case study of a concrete 

slab resting on subsoil, as shown in Fig. 1.   

 
Fig. 1.   Problem overview 

 

2.  THERMAL ANALYSIS 

2.1  Problem statement 

The temperature field is described by a Fourier equation, given below for the isotropic case: 
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where : T [kJ/m3 ] - temperature, H - heat source, [kJ/(m oK day )]-  heat conductivity, 
*c [kJ/(m3 oK )] - heat capacity. The definition of the boundary value  problem  (BVP) is 

completed with initial and boundary conditions. 

 

2.2  Heat of hydration 

The source term, expressing the effect of hydration heat emission, as a function of time t and 

temperature T, is given in the form, see Roelfstra et al (1994):  
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where: H  [kJ/m3] - total value of heat produced by the hydration of cement in 1 m3 of  

concrete, M [day] - maturity, a [1/day] - heat source parameter, RQ /  [oK] - activation 

energy/universal gas constant,  fT [oK]- reference temperature  (typically =20oC =293 oK),  

dt [day] - dormant period. The maturity measure M is used later in the rheological model of 

aging concrete. 
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2.3  Initial and boundary conditions.   

A temperature at the beginning of the process (typically corresponding to the  moment of 

casting) has to be given as an initial condition: 

  )(, xx oT0T  ,        .x    (2.4) 

)(xoT  can be given as  data or may be evaluated numerically as a solution of a steady state 

problem based on boundary conditions (BC) applied at time t=0. 

In general, three types of  a boundary conditions  can be formulated, viz: 

prescribed temperature:  TT  ,                   Tx ,   (2.5) 

 prescribed heat flux:  
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 convection:     
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where : Tq  [kJ/(m2day)] - external heat flux, h - [kJ/(m2 oK day)]  convection coefficient, 

eT [oK] - ambient temperature.  Note, that  TCq )(  but  TCq )(   

which means that setting a temperature BC excludes other boundary conditions on  a given 

part of the boundary, while heat flux BC and convective BC may coexist on a common part of 

the boundary, i.e. a mixed condition may be set as: 
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Leaving a part of the boundary with no boundary conditions specified explicitly, corresponds 

to setting heat flux to zero, i.e. an adiabatic condition.  By proper application of the above 

boundary conditions, different environmental factors and technological measures (such as 

heating, cooling, isolation) can be taken into account.  

 

2.4  Finite element implementation 

For the solution of thermal initial-boundary-value-problems, a standard finite element (FE) 

discretization in space and finite differences in the time domain are used. For more details, 

see ZACE (2001). The activity of any component of the model (continuum element, 

temperature BC,  heat flux, etc.) can be switched ON/OFF at any instant of the simulation 

allowing for exact representation of different construction phases, (corresponding, for 

example, to casting of concrete layer by layer or section by section).  Moreover, the time 

evolution of any active parameter Xi can be controlled with the aid of a formula like: 

)(*)( tLTFXtX irefii  , where LTF are time evolution functions and X i ref are reference 

values, both introduced as user data.  Convective BC are applied through special boundary 

elements with ambient temperature Te prescribed.  As a result of the analysis, the temperature 

is known at each nodal point of the FE mesh at each time step of the thermal analysis, and is 

stored for further use during the mechanical analysis.   

 

 

3.  MECHANICAL ANALYSIS 

3.1  Problem statement and finite element implementation 

As both the input (temperature field) and the response of the media are time dependent, due to 

possible non-linearity and rheological effects, the formulation of the mechanical problem is 
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based on an incremental approach in time. At step n+1, displacement increments are sought 

which fulfill compatibility, constitutive and equilibrium equations respectively:  

 ),,(2/1 ijjiij uu  ,       (3.1) 
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taking into account stress state as well as internal variables at previous step n. Initial stresses 

induced by gravity are introduced. Boundary conditions corresponding to given tractions t i 

or displacement increments on a given part of the boundary complete the BVP. 
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After expressing the above in weak form, discretization and linearization, one step of  the 

Newton-Raphson procedure, formulated in terms of displacement increments, can be stated 

as:              
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with stiffness matrix K and force vectors  assembled from elements in a  standard way, as : 
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As numerical evaluation of all integrals in (3.6) requires values at integration (Gauss) points, 

temperature increments at these points are interpolated from values previously evaluated at 

the nodes of  FE mesh used in the heat problem.  Notice, that FE meshes used in both thermal 

and mechanical analyses do not need to be identical; the same holds for  time step 

implementation.  

Besides the standard FE approach presented here, more robust FE formulations (B-bar, 

enhanced assumed strains, mixed displacement-pressure) are available in the code. For details 

of these additional formulations, see ZACE (2001).  

 

3.2  Contact 

The interface between soil and structure should be modeled in a way that enables the user to 

include possible effects of slip or separation. In Z_SOIL this is achieved by introduction of 

contact elements possessing two layers of nodes, each attached to one of the bodies in contact. 

In contact element formulation, relative displacement between the two surfaces of the 

interface acts as strains, while constitutive matrix and stresses result from Coulomb type 

contact law and penalty elastic stiffness prohibiting inter penetration. Thus, element stiffness 

and forces fit into the general frame of the FE formulation stated in (3.6).  

 

3.3  Kinematic constraints and conditions at infinity 

Because in the case of a three-dimensional analysis, mesh size is still a factor limiting 

modeling effectiveness, various measures are proposed to minimize computational effort. One 

of them is to release a requirement of  topological and geometrical compatibility of the 

meshes  in neighboring  sub-domains, by introducing kinematic constraints on degrees of 

freedom of selected nodes. These constraints take the form: 

 
i

BiBiA N 0)( uξu ,     (3.7) 
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where )( BiN ξ are shape function values evaluated at local coordinates of  node A within an  

element B as shown in Fig. 2. The constraints (3.7) are introduced to the system by a penalty 

approach. 

 
Fig. 2. Kinematic constraints 

 

In the case of subsoil, the FE mesh is built only in a limited domain as close as possible to the 

structure. In order to account for the interaction with the surrounding media spreading to 

infinity, far field elements based on a similarity approach, following Wolf (1997), are 

introduced. 
 
 

4. APPLICATION: THICK SLAB ON ELASTO-PLASTIC FOUNDATION. 

4.1  Finite element models 

Both FE models for thermal and mechanical analysis are shown in Fig. 3a) and b) 

respectively. Due to symmetry on the X=0 and Z=0 planes, only a quarter of the system is 

analyzed. An interface is placed between the slab and the soil in order to model mechanical 

contact (no tension condition). For both heat and deformation analyses, kinematic constraints 

are used to model the transition between dense and coarse parts of the FE mesh. Additionally, 

for  deformation analysis, infinite media (far field) elements are introduced on the boundary. 

 

 
 

Fig. 3. FE models of a slab on subsoil 
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4.2 Heat analysis 

Thermal material parameters, assumed in this study as typical  for both soil and concrete, are  

given Tab. 4.1. 

 

Table 4.1 

    

kJ/(m oK h ) 

*c  

 kJ/(m3 oK ) 

H  

kJ/m3 

dt  

h 

a  

1/h 

RQ /  

oK 

Concrete 8.0 2000.0 105,000 12 0.0625 4000 

Soil 4.0 1000.0 - - - - 

 

Assumed convection coefficients are: for lateral walls of slab (shuttering)  h1 =25.0,  top 

surface of the slab h2=125.0, top surface of the soil h3=125.0, all in [kJ/(m
2 o

K · h)]. 

The simulation covered 1200 h starting from the moment of casting of the slab, with time 

steps  varying from 6 hours at the initial phase up to aproximately 100 h at the end.  Results 

from the heat analysis illustrate the spacial distribution (Fig. 4) and time evolution (Fig. 5) of 

the temperature field. Evaluated temperature fields are used as input for the subsequent 

deformation analysis.  

 

 
 

 

Fig. 4. Spacial distribution of temperature [
o
C] 



 7 

 
Fig. 5. Time evolution of temperature at central section of the slab 

 

4.3  Mechanical analysis 

Aging concrete is modeled as a set of Maxwell units acting as shown in Fig. 6.  Each unit is 

described by a maturity dependent Young modulus EMME ikik )( , and a retardation 

time kkk E  / . The contribution of each unit depends on maturity measure M (expressed in 

time units), by the set of weighting factors .1, 
k

ikik MM   

9
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Fig. 6. Aging concrete rheological model 

 

Adopted data are given in the Tab. 4.2:  

 

Table 4.2 
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The soil is modeled as an elasto-plastic medium (E=150MPa,=0.2), characterized by a 

Drucker-Prager yield surface (cohesion C=5kPA , friction angle =20
o
) and deviatoric flow 

rule (



At the very beginning, the stresses due to the gravity of the soil mass are evaluated and the 

resulting deformation free initial state is established. The time stepping procedure starts at 

time ht 240  ,   corresponding to the time after which the solidifying concrete may be treated 

as a solid body. The heat analysis was performed from time 0 onwards, i.e., from the moment 

of casting of the concrete. The source term (hydration heat) was activated at time dt =12h. 

Imposed strain due to thermal dilatancy ( =1.0e-5[1/
o
K])

  
in subsequent time instant 1t  was 

evaluated incrementally starting from the temperature field hT24 , which itself will not 

therefore create thermal strains, i.e.:   )()(; 12411  kkkh tTtTTTtTT .  Notice that 

discretizations in time and space for deformation analysis can be  and are different from those 

used for heat analysis. Time steps for the heat analysis are of variable length, with smaller 

values adopted  at the initial phase of simulation, which prove to be necessary to maintain 

numerical stability of the time integration.  

Vertical displacement and maximum tensile stress results are shown in Fig. 7. 

 

 
a) deformation history and final deformation 

 
b) maximum tensile stresses 

 
c) tensile  stress versus the evolution of 

tensile strength in time 

 

Fig. 7.  Mechanical analysis results 
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Deformation results reveal phenomena such as slip between soil and the slab and uplift of the 

corner zone of the slab. This shows clearly that negligence of contact-interface would  create 

artificial constraints in the solution. Stress results show that zone were thermally induced 

tensile stresses reach maximum  values is located in the mid-depth of the slab. In considered 

case they remain smaller than tensile strength of the concrete,  however the difference is not 

too big. If material data and/or thermal conditions worsen, tensile stresses inside the massive 

may easily reach values that lead to the internal cracking and the related degradation of the 

structure.    

 

 

5. CONCLUSIONS 

This paper describes a simple three-dimensional finite element model capable of assessing all 

essential aspects of thermo-mechanical analysis of concrete structural elements and soil-

structure interaction, in the presence of thermal loads, including heat of hydration. The 

modeling capabilities are illustrated in the example of a massive concrete pavement slab on an 

elasto-plastic subsoil. 

Heat of hydration and the shuttering-deshuttering schedule may have a significant influence 

on thermally induced stresses and early-age concrete cracking, which in turn will impact on 

the durability of  structural elements. Models capable of assessing such situations are 

therefore essential. 
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