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1. Introduction 
Tunneling in jointed rock masses requires good understanding of rock-structure 
interaction  processes. Most practical examples need three dimensional 
representations of rock mass and structural elements for realistic description of such 
processes. The joint system determines the behavior of rock masses in many cases 
more than any other factor [1]. Strength and deformation behavior of rock masses are 
governed by joint distribution, orientation and properties. Both continuous and 
discontinuous approaches in numerical modeling are recently in use for prognoses of 
the structure behavior in jointed rock masses.  Explicit numerical modeling of jointed 
rocks is a tedious task, the main drawback being difficulty if not impossibility to 
represent with sufficient detail and reliability the rock mass structure and joint 
properties.  
The appealing explicit clarity of the discontinuous approach is thus restricted by usual 
uncertainty of real joint distribution and properties along with considerable 
computational effort of the 3D distinct element modeling. 

Continuous approach requires implementation of implicit models with somehow 
averaged deformation and strength parameters for jointed rock masses. The 
development of constitutive models for jointed rock has been the subject of many 
investigations in experimental rock mechanics and related software engineering. 
Many different models were developed and published recently, only a few are used in 
practice, the reason being the high cost of input parameters evaluation and the 
dependency of the models on particular features of rock masses. The evaluation of 
effective properties of rock joints is the least developed area in modeling rock masses. 
The problem here is the difficulty of representing the real irregular roughness of the 
joint in a regular model and, especially, of evaluating the sizes and angles of joint 
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protuberances and of introducing these factors into the numerical model. Thus 
evaluation of averaged “effective” parameters of jointed rock mass for further 
implicit modeling becomes an unavoidable practical procedure. 

 
2. Effective properties of jointed rock 
 
For evaluation of effective strength properties of a model rock mass cut by orthogonal 
system of uniform joints two series of numerical experiments were carried out for 
specimens with orthogonal oint systems oriented at angles (0,90°) – first series, and 
(45°,135°) – second series. The specimens were composed of blocks of intact rock 
with the following properties: uniaxial compressive strength σс = 79 MPa, tensile 
strength – σt = 3.1 MPa, Young’s modulus – Е = 25 GPa, cohesion – с = 25 
MPa,internal friction angle – ϕ = 41°. Such properties are typical for, say, marble. 

a)                                                               b)     

 

 

 

 

 

 

 

 
 
 

Fig. 1. FEM meshes for composed specimens with inclined joint systems  
a) (0°, 90°);  b) (45°, 135°). 

 

The relative joint aperture was set to α = 0.01, relative area of joint contacts - ξ = 
0.0002. Normal and shear joint stiffness was evaluated according to [2] as Еj = ξЕ, Еj 
= αkn and ks = 0.4kn and were equal to kn = 500 MPa and ks = 200 MPa. The strength 
parameters were taken as с = 0.05 MPa,  ϕ = 35°. 
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The tensor-polynomial strength criterion [3,4] in the form: 
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was used for description of effective strength parameters of rock cut with 
orthogonal joint system. 

Here the letter σ with the subscript ‘b’ denotes the stress value, when the limit 
condition (uniaxial strength) is reached in the direction corresponding to the 
second subscript; the letter τ – same for direct shear when the right angle between 
the axes denoted by the subscript is changed. The superscript (45) at σ denotes the 
strength limit in the diagonal direction (at the 45o angle to the principal axes of 
elastic symmetry) in the plain corresponding to subscripts. The subscripts 1,2,3 
denote principal axes of elastic symmetry of rock mass, kb − safety factor which is 
the same for all directions (for simplicity we assume kb = 1.0). 

If the intact rock is isotropic, and mechanical properties of joints are identical, it 
follows from the    symmetry defined by the orthogonal joint system, that effective 
strength properties of the tensor – polynomial criterion (1) should  satisfy 
conditions c =b; d = p = r;  s = t = f. 

The numerical analyses were conducted in 3D. In the first series kinematic 
boundary conditions (Fig.1a) were applied as the uniformly distributed load 
formed as displacements of the upper side of the specimen. Such boundary 
conditions provide for uniaxial strain conditions in the homogeneous body 
equivalent to the specimen. The load was applied in steps from zero to the limit 
value corresponding to the specimen’s failure. 

In the second series kinematic boundary conditions (Fig. 1b) corresponded to the 
three axial strain state in the homogeneous body equivalent to the specimen. First 
the uniform confinement was obtained by the uniformly distributed load by 
displacements of each side of the specimen so that σ1 = σ2 = σ3 = 0.12 MPa. 
Further on, the upper side of the specimen was loaded as in the first series up to 
the limit condition. 

The results of numerical analyses show that the specimen’s fracture at the given 
loading conditions is brittle and that up to the moment of fracture the deformation 
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may be considered to be linear. In the first series with joints at angles (0°,90°) 
fracture was registered at the vertical load equal to 22.4 MPa and in the second 
series with joints at angles (0°,90°) and (45°,135°) fracture occurred at the vertical 
load of 1.0 MPa (Table 1). Considerable difference in the values of the 
compressive strength in different directions as related to orientation of the 
orthogonal joint system proves anisotropy of properties of jointed rock specimens. 

From the first series of analyses we obtain c = b = 1.0. Direct shear conditions 
provide that limit values of tangential stresses with which the strength parameters 
d, p, and r are obtained in (1) in the given  case  will  be determined by shear 
strength in joints and respectively d = p = r = 448.0. From the second series with 
stress values σ1 = 1.0 MPa and σ2 = σ3 = 0,12 MPa (averaged stress in the 
equivalent body) and considering that s = t = f, we find these values in the 
coordinate system connected to the elastic symmetry axes as s = t = f = −138.4.                        

Having the full set of effective strength parameters and substituting them into 
Equation (1) we obtain the equation of the limit surface. Graphic representation of 
this surface for this surface for plain strain conditions with εz = γxz = γyz = 0 in the 
form τxy(σx, σy) is shown on Fig. 2. 

 

 

Table 1. Mechanical parameters of jointed rock obtained in numerical 
experiments. 

 

 

Joint 
system 

inclination 
angle 

Limit 
vertical 

stress σ1, 
MPa 

Young’s 
modulus 
E, MPa 

Shear 
modulus 
G, MPa 

Poisson 
Ratio 

(0°,90°) 22.4 490.0 123.5 0.25 

(45°,135°) 1.0 352.0 196.0 0.44 
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S  
Fig. 2. The limit surface. 

 
Effective deformation parameters of the model rock mass cut with the orthogonal 
system of uniform joints in the axes of the elastic symmetry were obtained according 
to [5,6] as: 
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where E, G, ν – Young’s modulus, shear modulus and Poisson ratio of the intact rock 
respectfully, kn, ks -  normal and tangential joint stiffness, l – intact rock block size.  
As a result the following values were obtained: Е1 = Е2 = Е3 = 490 MPa, G⊥ = 123.5 
MPa, ν = 0.25 , (Table 1). 
Corresponding values for the case with joints at the angle (45˚,135˚) with 
consideration that Е1 = Е2 = Е3, were obtained according to [7]: 
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which gives Е45 = 352 MPa, G45 = 196 MPa, ν 45 = 0.443 (Table 1). 
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The proposed approach to the evaluation of the mechanical parameters of rock masses 
provides the possibility to obtain the full set of deformation and strength properties. 
 
3. Constitutive model: extended multilaminate model 
 

The proposed model combines and generalizes the multilaminate model of 
Zienkiewicz and Pande, and the generic plastic model of Menétrey and Willam. 
Enhanced assumed strain elements following [8], are used for the implementation. 

 The three-parameters Menétrey-Willam  criterion can be formulated as follows: 
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θ is Lode’s angle and A, B, C, m are parameters function of ft the uniaxial tensile 
strength, fc the uniaxial compressive strength and e the eccentricity.  
Several classical yield criteria can be deduced from the generic M-W criterion, in 
exact form for Von-Misès and Drucker-Prager criteria and in approximate form for 
Rankine, Mohr- Coulomb and Hoek-Brown criteria. The latter corresponds to: 
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The Menétrey-Willam criterion [17] is combined here with the Multilaminate model 
proposed by [9]. A maximum of three independent lamina with fixed orientations in 
space and associated or non-associated Coulomb-type plasticity and tensile cut-off is 
assumed. 
 
 
3.1  Extended Multilaminate model 
 

Combining the Hoek-Brown specialization of the Menétrey-Willam model, with the 
multilaminate model produces a versatile model which can be used for layered rock 
with preferential weakness orientations and a globally isotropic nonlinear matrix 

120



 

behavior. To further improve the capacity of the model, it is associated here with a 
periodic (regular or not) stencil, which supports the introduction of directional 
properties only at regular intervals, at selected finite element integration points 
located in weakness planes, while Hoek-Brown  criterion alone is assumed elsewhere. 
This approach preserves the use of a globally regular mesh (Fig. 3). 

            
                                               Table 2. Properties of sandstone blocks 
 

 

 

 
 
Fig. 3. Finite element mesh  

& weakness layers 

 
 
 
 
4. Influence of joint stepping 
 
Singh, Rao & Rammamurthy [10] presented results of the laboratory experiments on 
blocky sandstone. Each of the samples has three joint sets in orthogonal directions. 
One of the joint sets locates with some ‘stepping’. Values of the ‘stepping’ are 
changing for different samples. Material properties are presented in Table 2. 
 
Numerical experiments were conducted in 3D for the same number of blocks within 
the sample 15 x 15 x 15 cm, joint set I inclination θ = 0 and joint stepping “s” = 0, 
1/8, 2/8, 3/8, 4/8, 5/8, 6/8, 7/8. The FEM meshes for “s” = 0, 1/8, 2/8, 3/8, 4/8 are 
shown on Figure 4. For considerations of symmetry analyses for remaining values of 
“s” can be skipped. 

Z_SOIL PC® FEM computer code [11] was used throughout this work. 

Joints in the sample were represented by thin continuous elements. Several 
assumptions had to be made in relation to joint properties. Relative joint width was 
taken as a = 0.1,  
Joint cohesion cj=0, Poisson ratio νj = 0 and the Young’s modulus Ej = 25.4 MPa. 
Intact blocks were modeled with the Hoek-Brown [12,13] criterion and the 
multilaminate model [9,14] was applied to joints with direction of lamina coinciding 
with direction of joints. Calculation procedur was carried out with loading applied as 
controlled displacements. 

Property Value 
Young modulus, Ei (GPa) 5.34 

Poisson’s raitio, νi 0.19 
Uniaxial compressive strength, σci (MPa) 100 
Brazilian strength σti (MPa) 10 
Cohesion, ci (MPa) 4.67 
Cohesion, cj (MPa) 0 
Friction angle of intact material φi, deg 33 
Friction angle along the joints φj, deg 37 
Dilatancy angle ψi, deg 33 
Dilatancy angle ψj, deg 37 
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Fig.4. FEM meshes for numerical analyses. 

Figure 5 provides comparison of numerical results with laboratory data of Singh, Rao 
and Rammamurthy. The curves show relation between compressive strength of the 
jointed sample and intact block with various values of stepping. The resulting curves 
almost follow each other; however numerical values are higher than obtained in the 
laboratory. The uniaxial compressive strength of the jointed rock sample is 
approximately 70% of the strength of the intact rock block. The difference between 
laboratory and numerical data is 11-17%, which is obviously due to assumptions 
made for joint parameters values in numerical models since the published data was 
not sufficient. 

 

5. Tunnel in jointed rock 
 
As an example of application of the multilaminate model in practice, modeling of the 
tunnel driven in jointed rock was performed. This structure is a four lanes motor 
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tunnel in Russia which should provide access to a ski resort. The tunnel span is 
d=12m, the height is h=12m too, the length is l=200m. The containing rock is a weak 
granite with several systems of tectonic discontinuities. The inclination angles 
between these joint systems approximately equal 90o, thus, to make a numerical 
model we assume these systems orthogonal. The joint spacing is 1 m and the relative 
thickness is α = 0.01. The area along these discontinuities is being considered as a 
weak zone due to the presence of joints of the smaller order. Owing to it, for 
modeling, we believe the thickness of the weak layers equal to 0.1m.  
The other parameters of the joints and of the intact rock are presented in Table 3. 

 
Fig. 5 Comparison of numerical and laboratory  

data for the sample with joint inclination θ = 0. 

Because of the large number of finite elements required to model jointed rock mass, it 
was decided to use the Z_SOIL PC® kinematic constraint function. It makes possible 
to create a finite element mesh by layers with various amounts of elements 

in each of them. The created layers can be linked without taking into account 

Table 3. Material properties 

            

 

 

 

 

 

 

 

Value Property Granite Joints 
Poisson's ratio, ν 0.2 0 
Cohesion с, кPа 55 0.9 
Friction angle ϕ, º 21 21 
Uniaxial compressive strength 
σс, кPа 3000 300 

Uniaxial tensile strength σt, кPа 330 30 
Young modulus E, кPа 308·103 6.16·103 
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contacts in the nodes, which is necessary in any other cases. It allows, in this task, to 
make a fine mesh of the area close to the tunnel, and a more rough one for the remote 
field of rock mass. Eventually the mesh of the tunnel in jointed rock was created with 
a minimal number of elements equal to approx. 24000. From them 18000 elements 
represent an actual model and 6000 elements – an outlying model. Rock mass beyond 
the visible area was modeled by introducing boundary conditions. The whole FEM 
mesh and the tunnel area are shown in Figure 6 along with distribution of materials 
with different properties. The geometry of the selected cross-section and some 
features of the problem setup incidentally resemble rather closely the problem 
described by Hoek [15]. This provides the basis for a qualitative comparison. 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6. The FEM mesh for the analyses 

 

 

 

 

 

 

 

Figure 7. Absolute displacement and vertical stress contours in the rock mass around 
the tunnel (no support). 

The sequence of excavation was taken into account along with in-situ stress 
conditions. As in the previous case, the Hoek-Brown model was set for intact blocks 
and multilaminate model with different inclination angles for horizontal and vertical 
joints. 
The results are graphically represented in Figure 7. Discrepancy between the values 
of the compressive strength of intact rock and the final stress level of the hole 
massive is δ=13.9%. Maximum absolute displacement with no support in the tunnel 
reaches 1.66 cm. Maximum stress in vertical direction is 2.63 MPa. This 
corresponds to the tendency of a “cave in” shown by Hoek in [15], though presence 
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of modeled joints and different initial stress field do not provide possibility for a 
direct comparison with results obtained with solely direct implementation of the 
Hoek-Brown model. Inclusion of the support installation (20 mm shotcrete with 
rockbolts) into the modeled excavation sequence provides practically reasonable 
results which can be used for the final design of this tunnel.  
 
6. Stress conditions in the rock mass around a quarry 
 
Rock wedge stability 
As a prelude to the quarry problem the stability of a rock wedge in a vertical cut is 
analyzed and compared to a theoretical solution. 

The wedge is modeled with two preferential planes of failure, the corresponding 
extended multilaminate data are introduced, in a regular mesh, at Gauss finite 
element integration points intersected by the weakness layers (Fig. 8).  

 

 

 

 

 

 

 

 

Fig. 8. Weakness layers  

Fig.9. Wedge instability, displacements  

intensities 

Layers 1 and 2 are characterized by: Layer 1: ooo 15;45;115 111 === φβα ; C=0 

Layer 2: ooo 25;60;235 111 === φβα ; C=0 

where α is the azimuth (angle between North and the layer inclination, 0 to 360), 
and β  is the layer inclination( 0 to 90), φ  is the friction angle and C the cohesion.  

A hand calculation using equilibrium of forces leads to a safety factor of SF=0.76 
[16]. 

The numerical simulation reproduces this result reasonably well, with a computed 
safety factor of SF=0.78, and a proper identification of the failure mechanism (Fig. 
9). The enhanced assumed strain approach was used in this case to overcome 
locking phenomena. Alternative formulations to overcome locking are possible, but 
many seem to fail. 
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Quarry 
The stress distribution in a jointed rock mass as a result of the large scale open pit 
mining operations present high practical interest. The problem set for the future 
evaluation relates to the mined quarry in the Russian Arctic region on the Kola 
Peninsula. 

The region of interest is 18km x 18km x 3km. It contain several major faults and 
jointed rock in-between. The quarry has an oval form, the recent size is 2.5 x 1.5 x 
0.45 km. In the long time perspective the quarry depth may reach 800-1000 m with 
inclination of slope up to 60 – 65 degrees. 

Quite obviously the stress and slope stability prognoses can be made on the 3D 
numerical modeling basis together with in-situ monitoring of the real situation. 
Application of continuous models for representation of jointed rock mass is 
obviously preferable from the point of view of computational effort. The research 
described in the previous sections of this work show that this approach is practically 
attractive. 
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Figure 10. Problem setup for the quarry analyses. 
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