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ABSTRACT: The development of constitutive models for jointed rock has been the subject of many investigations in experimental rock mechanics and related software engineering. Many different models were developed and published recently, only a few are really used in practice, the reason being the high cost of input parameters evaluation and the dependency of the models on particular features of rock masses. The development
of a method to generate constitutive properties of the jointed rock mass, requiring a limited number of experiments, and the related numerical model, for introduction in modern high-tech geomechanically oriented
computer codes, should partly fill the existing gap between experimental and numerical techniques in rock
engineering.
1 INTRODUCTION
The reliability of large-scale structures such as
dams, tunnels and caverns, etc., constructed on rock
foundations or in rock masses, depends largely on
the knowledge of rock mass properties. A characteristic feature of rock masses is jointing. This factor is
in most cases the most important one regarding the
stability and reliability of engineering structures
constructed on or in a jointed rock mass. Scientists
engaged in experimental rock mechanics during the
last decades, have gained wide experience in the
evaluation of rock mass properties using in-situ and
laboratory tests.
Great efforts to determine the properties of jointed rock masses are made in countries planning to
store, or already storing, radioactive waste underground in rock masses. The main problem in this
connection is that every particular rock mass has
unique structure, composition, natural state of stress
and rock properties. A detailed investigation of all
the aspects involved is time-consuming and expensive, which always leads to a compromise between
really evaluated and assumed parameters used for
design purposes.
Such assumptions are based on previous experience. In relation to joints, such assumptions are the
most difficult to make. The recent high level of experimental techniques, such as computer/laser hypsometry, etc., provides the possibility to properly describe every single joint of the rock mass if brought
to the laboratory, but to do it for a real rock mass

with a great variety and number of joints looks impossible.
Modern design practice in rock engineering involves computer modeling, in many cases in 3-D,
(Yufin & Postolskaya, 2000), as the main technique
for supporting the selected engineering decisions.
Several high-tech commercially available computer
codes are internationally accepted for analyses and
design in rock engineering, possibly thousands are
used for research purposes (Yufin, 1979) or in small
consultancy businesses. Continuum (finite element
(FEM), finite difference (FDM) or boundary element
(BEM) methods) or discontinuum (distinct or discrete element methods) approaches provide possibilities to implicitly or explicitly model jointed rock
masses. The capabilities of those numerical methods
exceed by far the capabilities of real rock mechanics
endeavors to provide reliable quality and quantity of
input parameters for modeling.
The development of constitutive models for jointed rock has been the subject of many investigations
in experimental rock mechanics and related software
engineering. Many different models were developed
and published recently, only a few are used in practice, the reason being the high cost of input parameters evaluation and the dependency of the models on
particular features of rock masses. The evaluation of
effective properties of rock joints is the least developed area in modeling rock masses. The problem
here is the difficulty of representing the real irregular roughness of the joint in a regular model and, especially, of evaluating the sizes and angles of joint

protuberances and of introducing these factors into
the numerical model.
The development of a method to generate constitutive properties of the jointed rock mass, requiring a
limited number of experiments, and the related numerical model of the jointed rock mass for introduction in modern high-tech geomechanically oriented
computer codes should partly fill the existing gap
between experimental and numerical techniques in
rock engineering. This goal can be reached by combining accumulated experience and factual data with
the capabilities of recent computer methods. The
first step in the creation of a comprehensive numerical model for jointed and layered rock, tentatively
named “Russian model” is presented hereunder.
2 EFFECTIVE PROPERTIES OF JOINTED
ROCK
Layered and jointed rocks show anisotropy of deformation, which makes the rock mass behavior
more complex. For example, inclined direction of
the rock layers in respect to structure foundation decreases the stability of the structure because of differential settlements. Quite frequently the anisotropy
is accounted for by representing such rock masses as
transversely isotropic media. In this case, the elastic
stress state is well enough described by Young’s
moduli, shear moduli and Poisson’s ratios EII, E, G,
II,, GII (or II,II), where subscripts II and  denote directions along and across layers. Here we talk about
conditional (so called effective) parameters of deformation, i.e. about quantities which generally
characterize the deformability of an imaginary homogeneous transversely isotropic material, contained in the volume of the rock mass under consideration and consistent with deformability of the real
rock mass. Effective parameters of deformability
considerably depend on the correctness of the averaging of real parameters of rock layers.
Historically, the first formulas for the evaluation
of effective values of deformation moduli of layered
rocks along and across layers were introduced by
Tarkhov (1940). Consequent works in this direction
of rock mechanics generalized Tarkhov's formulae
adding dependencies for the evaluation of values of
shear moduli and Poisson’s ratios. A detailed review
of these publications was made by Ruppeneit
(1975). The different conditions in which the material parameters were obtained does not give the right
to consider them to belong to one and the same stiffness tensor. The correct solution to the problem consists in finding such invariant parameters of deformability of equivalent homogeneous medium, which
would provide the exact evaluation of average displacements and stresses in heterogeneous rock mass
regardless of boundary conditions. One of such
methods, the method of asymptotic averaging, is

based on replacement of exact equations of the theory of elasticity by equations with rapidly changing
parameters, especially on the boarders of layers. It
was proposed by Bakhvalov(1975), and Bakhvalov
& Panasenko(1984). Effective parameters, evaluated
by this method, satisfy the condition above mentioned. At the same time it provides the possibility to
calculate displacements and stresses with any given
precision and does not need weakening coefficients.
3 DESCRIPTION OF THE METHOD
The displacement vector is represented as a series of
small parameter    / L , where  - dimension of the
typical structural element (recurring cell), L –
characteristic dimension of the domain, which
makes it possible to replace the system of equations
of the theory of elasticity by a system of recurrent
correlations for the evaluation of consequent series
members. One of these correlations leads to an averaged system of equations
 for zero approximation (initial series member) u 0  , the
 other makes it possible
to evaluate consequently u i  , i = 1,2,… Asymptotic
conditions lead to equations concerning auxiliary
matrixes-functions Ni(1, 2, 3) i= 1,2,3, which give
the possibility to obtain the effective stiffness tensor
Âij and to investigate displacement and stress fields
disregarding the structure of the material. (Another
way to find the function with ”structure” is developed by Revuzhenko (1990). To provide given conditions it is necessary to approximate the averaged
function to the real one together with its derivatives.)
Here Aik= DCijklD - matrixes with members corresponding to Hook’s law : ij=Cijkl εkl (i,j,k,l=1,2,3;
with summation on repeated indices); i = xi / “fast” variables describing local properties, xi – usual coordinates describing averaged properties. As a
result of solution of these equations we get the formula for evaluation of the effective stiffness tensor:ε
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Q – domain of the typical structural element;

  1 ,  2 , 3  ; axis xi is directed across layers.
Formulae (1) and (2) provide precision of solution
the averaged problem of the order
  of
0
u u
~ O  m  , m=1 in the case of one dimensional problem and m=1/2 in other cases (Bakhvalov
& Panasenko,1984). Dependencies of Young’s
moduli, shear moduli and Poisson’s ratios on the relative thickness of layer =n/, (n=2) are

Figure 1. Dependencies for E, G, and .

presented in Figure 1. Values of parameters taken in
calculations are shown on the same figure, E1=2600
MPa was preserved in all calculations. Graphs for
the cases (1), (2), (3) in Figure 1d practically coincide and therefore are shown as single lines.
Rock fracture is stipulated by local physical processes, i.e. by processes on the micro level. Thus we
need the exact description of the stress and strain
fields. The most important are stress and strain concentrations. It would have been natural to construct
such a description based on the method of asymptotic averaging, which considers the structure and mutual influence of the heterogeneous elements. Let
ui(0), ij(0), ij(0) – be displacements, strains and
stresses obtained from the solution of the averaged
problem. The stresses with respect to micro stresses
(Bakhvalov & Panasenko, 1984) can be expressed
as:

 ij1  c~ ijkl  kl0 
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of the effective compliance tensor, the inverse of effective stiffness tensor.
We will define the tensor with the components written as
  c~ cˆ 1
(4)
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- tensor of stress concentration.
Considering dependencies, describing local behavior
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xk
(Bakhvalov & Panasenko, 1984) for displacements,
and ignoring negligibly small components we get
expressions for strains ij(1):
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1
 ik jp   ip ik  - unity tensor of the
2
forth rank. Here we used symmetry conditions nkip =
nkjp and kp(0) = pk(0). Let us note that the second addend in (5) accounts for strains on the micro level.
Let us name expression in square brackets in
formula (5) as strain concentration tensor and define
it as ijkp. Using (3) we can obtain that stresses and
strains, considering the deformation on the micro
level, are interrelated as

where  ijkp 

ij(1) = cijklkl(1) ,

(6)

which proves the correctness of the defined tensors
of stress and strain concentration.
Further on we will express the criteria of the
strength of geomaterials in the tensor-polynomial
form (Wu, 1974):
F  F0  Fij ij  Fijkl ij kl  Fijklmn ij kl mn  ...  0 (7)

where Fij, Fijkl, Fijklmn,… - components of strength
tensors of respective ranks, and ij – components of
stress tensor. If the criterion (7) is known for every
s-th component of rock, then inserting into it (3) taking (4) into consideration:
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Further we suppose that the stress field ij(0) on
the typical element of structure is homogeneous.
Then “true” stresses ij(1) will be defined by (3). Let
us consider that the typical element of structure is in
the limit state if there exists a “cleaving” bonded
domain in the limit state defined by expressions (8)
and (9). For example in the case of a stratified rock
this domain goes either through the whole layer or
crosses the layers from one side of the typical structural element to the other.
From expressions (7)-(8)-(9) in a general case follows anisotropy of the strength properties of rock,
their dependence on strength and deformation parameters of rock components, on volumetric portion,
on mutual correspondence and shape of components.
It can be shown, that fracture may occur even at allround compression even if every component does
not fail at compression.
As an example let us compare strength parameters, obtained through the method of asymptotic averaging, with results of laboratory shear tests (Sapegin et al, 1986). The experiment setup is shown in
Figure 2.
Flat model samples with thickness 0.04m were
assembled in the way shown in the picture. Each
rectangular
block
had
dimensions
0.04x0.015x0.005m. Model material had uniaxial
compressive strength Rc=0.6 MPa, tensile strength
Rt=0.07 MPa, deformation modulus E=10-80 MPa;
shear parameters along contact surfaces were tg=
0.5; c = 0. Tests were performed in a zero-moment
mode with normal loads within 0.0 – 1.2 MPa. As a
result for the whole model c = 0.02-0.028Mpa, =
350 - 390.

by Russian rock mechanics specialists since the early 1960s.
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Figure 2. Laboratory shear test setup.

The numerical analysis of strength parameters of this
model was performed with E = 60.0 MPa and normal stresses 0.08 MPa. Jointed media was modeled
as solid, mechanical properties were calculated according to (Vlasov & Merzlyakov, 1995 and Vlasov
et al, 1993). As a result we got c = 0.03 MPa,  =
380, which agrees well with the experimental data.
4 IMPLEMENTATION
The model described above is scheduled to be implemented into computer program Z_Soil.PC, a
commercial program dedicated to geomechanics and
soil-structure interaction, which already offers a
number of commonly used constitutive models, like
Mohr-Coulomb, Rankine, Drucker-Prager-Cap, multilaminate for layered media and schists,
HoekBrown, and Biot's models for the consolidation and
two-phase problems in general. The need for new,
up-to-date constitutive models for rocks becomes
more obvious every day, as more sophisticated underground constructions and large tunneling works
are undertaken. An original such application is described in a companion paper (Bisetti & al.,2001).
5 CONCLUSION
The approach described here proves to be effective
for the evaluation of averaged deformation and
strength parameters of stratified and jointed rocks. It
provides a means for the transition from the engineering-geological model of the rock mass to more
detailed geomechanical models and further numerical models in the sense formulated by Yufin
(1993/1995). The target of the recently (2000) started research is the creation of a comprehensive model
of jointed rocks for implementation in modern geotechnical software such as Z_SOIL.PC(2001). The
effort is based on the wide experimental data gained
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