
1 INTRODUCTION  

 
Following the recent decision of the authorities of 

the canton of Jura in Switzerland to investigate the 
possibility of a rehabilitation of the caves of the 
former lime mines of Saint Ursanne, a safety as-
sessment study was conducted by visual inspection, 
and numerical simulation with finite element code 
Z_Soil.PC.  

 
The key components of the numerical model used 

for safety evaluation are presented in this paper. The 
medium consists of layered rock, which is modelled 
as a multilaminate material with contact surfaces, 
with a Hoek-Brown type elastoplastic matrix materi-
al, while laminae exhibit Coulomb type frictional 
behavior.  

 
The rock matrix is assumed isotropic in the elas-

tic regime, contact surfaces are introduced in order 
to model major stratigraphic discontinuities. This 
model, contact formulation, associated locking phe-
nomena and algorithms are discussed in section 2.  
 

 
 
 

Several analyses using different constitutive and 
modelling assumptions are presented in section 3. 

2 THEORETICAL ASPECTS 

2.1 Constitutive models 

2.1.1 A generic plasticity criterion 
A generic three-parameter plasticity criterion, pro-
posed by Menétrey & Willam (1995), from which 
several classical models can be derived by speciali-
zation, is adopted here for the simulation of rock 
matrix failure. The yield surface is formulated as fol-
lows: 

      F , , A
2

m B r ,e C 1 0            (1) 

A, B, C, m are parameters, function of ft the uni-
axial tensile strength, fc the uniaxial compressive 
strength and e the exentricity. ξ and ρ are stress in-
variants, θ is Lode’s angle. The criterion can be spe-
cialized to approximate several of the classical crite-
ria, as illustrated on Table 1. 
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Table 1: Menétrey-Willam parameters specializations 

 

2.1.2 Multilaminate Model 
Layered media require a more advanced model 
which is described hereunder (Truty et al. 1997, 
Commend et al. 1998), and inspired from Zienkie-
wicz & Pande (1977) and Sharma & Pande (1988). 
Up to three weakness planes orientations, which re-
main fixed in space, can be introduced in the pro-
posed model. Each is characterized by a cohesion ci, 
a friction angle φi and a dilatancy angle ψi (like any 
Coulomb type material). A tensile cut-off can be 
specified, with fti the maximum tensile stress, nor-
mal to lamina i (Fig. 1). 
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Figure 1. Weakness plane plasticity conditions, yield function 

and flow potential isolines. 

 
Plasticity and flow rule conditions can be derived for 
each plane: 
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i
 represents the stress components in the i-th 

weakness plane (denoted by angle βi): 
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where: s = sin βi and c = cosβi  
 

This leads to a multisurface plasticity problem which 
requires that all plasticity conditions be simultane-
ously fulfilled by any stress state in the material. The 
flow rule is governed by a flow potential, with usu-
ally a non-associative flow rule. Plastic strains occur 
due to the violation of any of the plastic conditions 
by the elastic trial stress. The total plastic strain is 
the sum of each plane’s contribution. A perfectly 
elastic-plastic behavior (no hardening) is assumed. 
This leads to the following constitutive equations for 
the multilaminate model:  
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with the yield and (un)loading conditions for each 
plane given by Equation 8. 
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Computation of stresses requires a generalized 
stress-point algorithm (Truty et al. 1997, Szarlinski 
& Truty 1996). 

2.1.3 Contact (Z_Soil 2001) 
Contact elements implement a Mohr-Coulomb type 
constitutive behavior with a tensile cut-off. They can 
accommodate opening discontinuities. In the elastic 
range, penalty stiffnesses are evaluated from adja-
cent elements in order to implement appropriate 
normal  and tangential behavior. 

2.2 Finite element technology, enhanced assumed 
strain approach 

Locking phenomena are known to be associated with 
incompressible or dilatant behavior, and layered me-
dia. Various remedies have been devised over the 
years. Among them, the enhanced assumed strain 
approach (EAS) (Simo & Rifai 1990, Taylor et al. 
1976) has proven particularly efficient in the context 
of layered media and is used herein. 



2.3  Safety factor definition 
 
A progressive strength reduction algorithm has been 
devised which defines the safety factor as the maxi-
mum multiplier which can be applied uniformly to 
all deviatoric stresses before collapse occurs (Z_Soil 
2001). Such a safety definition applies to arbitrary 
yield criteria. 

3 CASE STUDIES 

3.1 Rock matrix and discontinuities 

The stability analysis is conducted by means of three 
different models, with different assumptions on 
stratigraphic and tectonic discontinuities. 

Stratigraphic weakness planes are horizontal and 
their position was identified by geologic inspection. 
They are taken into account via contact elements, 
which explicitly introduce a discontinuity with fric-
tional characteristics (cohesion, friction angle, and 
dilatancy angle), or alternatively via the multilami-
nate plastic material described previously. 

Weakness planes of tectonic origin are vertical 
and their orientation is identifiable from the geologic 
survey. They form two distinct families. Distances 
between discontinuities are randomly distributed so 
that modelling with a multilaminate is felt most ap-
propriate. 

3.2 Shear resistance of the rock matrix 

It is assumed that the rock matrix can be modelled as 
an elasto-plastic material, with embedded weakness 
planes in one or two directions. 

The yield criterion is constructed from Mohr cir-
cles corresponding to basic experiments including, 
a) uniaxial tension, b) Brazilian test, c) uniaxial and 
multiaxial compression (Fig. 2) where σc is the uni-
axial compressive strength and σt the uniaxial tensile 
strength (with σt = 3 MN/m

2
 = 0.05 σc). 

3.3 Deformability of the rock matrix 

In the elastic regime: E = 5100 MN/m
2
,  = 0.3. In 

the plastic regime, a non associative plastic flow rule 
is adopted with  = 35º and  = 0.667  = 23.3º. Co-
hesion c = 20 MN/m

2
. The rock matrix is assumed 

isotropic over the elastic range. 

3.4 Shear resistance of discontinuities 

The same law is assumed valid for both weakness 
planes of stratigraphic and tectonic origin. Joints are 
assumed to be rough, without filling material. 

When asperities are regular and  show similar ge-
ometries, the yield criterion takes the form given in 

Figure 3. For small values of 1, the joints show a 
dilatant behavior and yield criterion (Eq. 9) holds. 

 

Figure 2. Yield criterion. 

 
 itg r   1                (9) 

 
For large 2, joint dilatancy disappears and a new 
yield criterion applies (Eq. 10, with c* the imbrica-
tion cohesion). 
 

rtgc  2*                 (10) 

 
Figure 3. Ideal rough joint (Patton model). 

 
When asperities are irregular, the yield criterion 
takes the form of Figure 4 (see also Equation  11). 
 

rp JCSJRC   )/(log10                   (11) 
  

JRC is the joint roughness coefficient and JCS the 
joint wall compression strength. In the vicinity of the 
cavity, dilatancy is restricted; as a consequence, the 
following simplifed form of the yield criterion is 
adopted: rtgc   * . The following material 
characteristics were adopted for  the analysis (Fig. 
5): r = 35º, and c* = 1.5 MN/m

2
 (conservative value 

obtained from Bartons' tests and simplified theoreti-
cal considerations). These parameters are adopted 
both for joints, modelled explicitely as contact ele-
ments, and for the multilaminate model. 

Failure plane 

a) b) c) 



 
Figure 4. Real rough joint (Barton model). 
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Figure 5. c* definition. 

3.5 Deformability of discontinuities 

Modelling joints with a multilaminate material cor-
responds to isotropic behavior over the elastic range 
and a plastic flow governed either by the angle of di-
latancy of the material  matrix or the one  of the lam-
ina, depending on which is activated first.  

Modelling joints with contact elements implies ze-
ro thickness joints; it also implies isotropy over the 
elastic range, no tension normal to the joint and a 
plastic flow governed by the joint’s dilatancy angle. 

3.6 Model 1 

 

Figure 6. 3D mesh. 

 
The mesh and dimensions are defined in Figures 6-7. 
The initial state of stress is defined by Equation 12 
(with y the vertical stress). 

 

yyzxy Ky   43.0; 0        (12) 
 

The rock matrix material is initially isotropic and 
elastic, later elastoplastic. Discontinuities are ne-

glected. This model serves as a reference for later 
computations. Results are shown in the form of 
isosurfaces on a 3D view and in sections B-B and C-
C. Figures 8-10 show horizontal stresses. Figure 11 
shows the failure mode. 

 

Figure 7. 2D section A-A. 

 
Figure 8. 3D view of horizontal stresses (x). 

 

 
Figure 9. 2D section B-B of horizontal stresses (x). 

 

 
Figure 10 : 3D view of horizontal stresses (z). 

 
A thick plate type behavior is clearly identifiable 
from the tensile stresses present at the cave's roof 
(notice that view is upside down). Tensile stresses 
are of the same order of magnitude in both horizon-
tal directions and remain far below tensile strength. 
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Figure 11. Failure mode. 

 

The massif shows no initial plastification. The fail-
ure mode is obtained from a stability analysis, as de-
scribed above, and yields a safety factor of  24 cor-
responding to the collapse of the pillars. 

3.7 Model 2 

Mesh and initial state remain the same. The rock 
matrix is initially isotropic and elastic, later elasto-
plastic. 

Horizontal stratigraphic discontinuities are intro-
duced via contact elements. Their geometry and po-
sition are illustrated in Figure 12. 

Comparison of results from models 1 and 2 are 
presented in a similar manner, they call for the fol-
lowing remarks: the plate behavior of the calcareous 
layers is easily identifiable on Figure 13. At each 
joint, traction stresses appear at the lower edge 
which, however, remain below tensile strength.  

 
Figure 12. Horizontal stratigraphic discontinuities. 

 

 

Figure 13. 2D section B-B of horizontal stresses (x). 
 
 

 
Figure 14. Failure mode. 

 
The massif again shows no initial plastification. 
Failure occurs with a safety factor of 9 and the asso-
ciated mechanism corresponds to a separation of the 
first layer at the cavity's ceiling (Fig. 14). 

3.8 Model 3 

Mesh and initial state remain unchanged. Strati-
graphic discontinuities are introduced via contact el-
ements, as in model 2. Two families of tectonic dis-
continuities are introduced via a multilaminate 
material. Both are vertical and parallel to sections B-
B and C-C (Fig 15). 

 
Figure 15. Tectonic discontinuities direction (section A-A). 

 
Figure 16. 2D section B-B of horizontal stresses (x). 

 
Results call for the following comments: the plate 

behavior of calcareous layers is recognizable as in 
model 2. However, horizontal stresses are influenced 

2.20e+02

2.28e+01

-1.7e+02

-3.7e+02

-5.7e+02

-7.6e+02

-9.6e+02

-1.2e+03

-1.4e+03

-1.6e+03

Time = 2.00 s.

Effective Stress (XX)

1.62e+01

1.44e+01

1.26e+01

1.08e+01

8.99e+00

7.19e+00

5.39e+00

3.60e+00

1.80e+00

0.00e+00

Stab.= 24.80 (T=2.00)

Displacement (N.)

FAILURE OF 

SUPPORTING 

PILLARS

Time = 2.00 s.

Properties

8
 m

3
5 

m
  

  

(2
+

3+
5
+

1
0+

1
5
)

s
tr

at
ig

ra
p
h
ic

 d
is

c
on

ti
nu

it
ie

s

5.53e+02

3.16e+02

7.88e+01

-1.6e+02

-4.0e+02

-6.3e+02

-8.7e+02

-1.1e+03

-1.3e+03

-1.6e+03

Time = 2.00 s.

Effective Stress (XX)

5.48e-03

4.87e-03

4.26e-03

3.65e-03

3.05e-03

2.44e-03

1.83e-03

1.22e-03

6.09e-04

0.00e+00

Stab.= 9.00 (T=2.00)

Displacement (N.)

separation of the first layer at the cavity's roof

Time = 2.00 s.

Properties

7
5 

m

80 m

N

SECTION B - B

SECTION C - C tectonic discontinuities:

direction of family 1

tectonic discontinuities:

direction of family 2



by the presence of tectonic joints and reach the 
strength values in most exposed zones (Fig. 16). 
Plastification of the massif is identifiable in the cen-
tral roof area. Failure corresponds to a collapse of 
the roof plate with separation of all layers above the 
cavity (Fig. 17). A safety factor of 4 is computed. 

 

Figure 17. Failure mode (section C-C). 

4 CONCLUSIONS 

Safety analysis of a natural cave is presented in this 
paper. Different modelling assumptions are consid-
ered and resulting safety factors are compared. The 
analyses show that the safety of the massif consid-
ered as a homogeneous Hoek-Brown type material is 
high. Taking into account discontinuities  reduces 
the safety factor significantly. Two types of  models 
were used in the simulation of discontinuities in this 
analysis: contact elements and multilaminate materi-
al. Both withstand the introduction of failure charac-
teristics with preferential directions. Contact ele-
ments also withstand opening of the discontinuities, 
they must however be present from the beginning 
and require meshes which match the contact surfac-
es, making parametric studies difficult. It appears in 
the present study that such elements are perfectly 
appropriate for the simulation of horizontal strati-
graphic discontinuities. Multilaminate material does 
not account for the simulation of opening disconti-
nuities. Furthermore such a material is better suited 
for the simulation of densely distributed discontinui-
ties. These limitations are sometimes incompatible 
with the simulation of the actual geology. In the par-
ticular case of a dense distribution of  microcracks 
coupled with a strong confinement, this type of 
model appears to be the most appropriate for the 
simulation of families of discontinuities. 

In the first performed analysis stratigraphic and 
tectonic discontinuities are ignored, the medium is 
assumed to be of the Hoek-Brown type, character-
ised by tensile and compressive strength. The analy-
sis results in failure of the supporting pillars, with an 
associated safety factor of about 24. 

In the second analysis, stratigraphic discontinui-
ties are modelled explicitely with appropriate mesh-
ing.  Results indicate the separation of a  surface 
layer in the cave's ceiling, with an associated safety 
factor of about 9. In the third analysis, stratigraphic 
discontinuities are modeled explicitely with contact 
elements, and tectonic discontinuities are modelled  
via lamina. Depending on material data and geome-
try of discontinuities, a collapse of the roof plate 
with separation of all layers above the cavity or a 
global shear failure of the roof plate is observed. An 
estimated critical safety factor of 4 is found. These 
different analyses made it possible to identify the 
relative influence of different rock characteristics in 
the safety assessment, and the most critical potential 
failure mechanisms; precise rehabilitation measures 
could be proposed to the site owner. The paper illus-
trates the important role that elastoplastic numerical 
simulations can play in a reliable safety evaluation 
of natural caves in layered media, even in rather un-
usual situations. 
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